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Scientific Progress

This cooperation has already led to several joint publications ([1], [2] and [3]) which focus on theoretical and numerical aspects of shape optimization problems of Bernoulli type. In particular, we were interested in exploring the consequences of embedding domain techniques in this context. While in [1] the embedding domain technique is primarily used for the numerical realization of the state equation  we use it in [2] as a framework to prove basic continuous dependence results. This idea is extended to more general 2nd order elliptic operators in [3]. As another result of the cooperation the numerical realization of the shape optimization problem evolved from global methods in [1] to gradient based algorithms in [3]. This research was continued and extended in several directions during the first funding period of this project:

a) We employ a new technique developed in [4] to characterize the shape gradient of the cost functional. The standard technique is based on the chain rule which requires the strong shape derivative of the state variable. Exploiting the particular structure of the cost functional however, we only need Hölder continuous dependence of the state with respect to the domain. The resulting calculus is more transparent and simpler to apply than the usual approach. 

b) Continuing the research in [2] we started to investigate the shape differentiability of the solution of the saddle point problem arising from the embedding domain approach. The difficulties ensuing from the low regularity of the solution are tackled by the use of the notion of a very weak solution.

c) The numerical realization of the shape optimization problem is rather complex. Its success depends on delicate algorithmic choices and proper use of well specified tuning parameters. Therefore, we started a thorough numerical study which documents the algorithms and numerical experiments.

d) Since a Neumann condition is a natural boundary condition the embedding domain technique can be applied for such problems only by using its dual formulation. We recently formulated a boundary control problem where the objective is to satisfy the Neumann condition in a least squares sens e such that the extended state satisfies the same equation which also arises in the embedding domain technique. In the new formulation however the auxiliary variable is treated as a control variable. As a consequence, at each iteration of the optimization only a coercive system needs to be solved.

For most of the material in a) and b) we already have provided a solid theoretical foundation during the past year so that we expect to finish this work in the next couple of months. The ideas in d) still need to be justified numerically.
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