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Final report

The goal of this project was to conduct joint research in the field specified in the title of the project. To this end in the years 2005 and 2006 five mutual visits were funded by this project.

1) Working visit of Jaroslav Smítal in Vienna from 3rd October 2005 to 8th October 2005.

2) Working visit of Peter Raith in Opava from 30th October 2005 to 5th November 2005.

3) Working visit of Michal Málek in Vienna from 14th November 2005 to 20th No​vem​ber 2005.

4) Working visit of Peter Raith in Opava from 1st October 2006 to 8th October 2006.

5) Working visit of Jaroslav Smítal and Marta Štefánková in Vienna from 10th De​cem​ber 2006 to 16th December 2006.

During this period the partners also met several times on the occasion of international meetings (e.g. twice in Opava, once in Poland and Italy).

The partners worked on several problems during this period and obtained several results. We like to point out that all partners of this project (and also some other mathematicians from Opava) made contributions to the results obtained in this projects, not only those who actually wrote (or are writing) the papers. Moreover, the basis for successfully solving these problems has been made during project 38p10 supported by AKTION Česká republika–Österreich. We describe the problems investigated during the present project below.

Space of ω-limit sets. The ω-limit set of a point x with respect to a map f is the set where one finds the orbit of x under f after “long time”. For continuous maps f characterisations of the ω-limit set have been given in [A. Blokh, A. M. Bruckner, P. Humke, J. Smítal, The space of ω-limit sets of a continuous map of the interval, Trans. Amer. Math. Soc. 348 (1996), 1357–1372]. We investigated the question, if similar results hold also for (not necessarily continuous) piecewise monotonic maps. It turned out that one can consider piecewise continuous maps, i.e. maps on the interval having only a finite number of discontinuities, and the one-sided limits exist at each discontinuity. Although we thought during the visit of J. Smítal in Vienna from 3rd October 2005 to 8th October 2005 that the key for solving this problem has been found, it turned out later that the problem is harder than it looked like. For several reasonable looking conjectures counterexamples could be found, and there are still some open problems.

Nonetheless a paper on this subject has been written. This paper is in a final form and has been submitted for publication in an international journal. We describe it briefly below, and a full version is attached to the final report of Marta Štefánková to AKTION Česká republika–Österreich in Praha.

F. Hofbauer, P. Raith and J. Smítal, The space of ω-limit sets of piecewise continuous maps of the interval, Preprint MA 58/2006, Mathematical Institute of the Silesian University in Opava.
Abstract. According to a well-known result the collection of all ω-limit sets of a continuous map of the interval equipped with the Hausdorff metric is a compact metric space. In this paper a similar result is proved for some piecewise continuous maps with finitely many points of discontinuity. We also show that ω-limit sets of these maps are locally expanding, another property known for continuous maps. However, contrary to the situation for continuous maps, there are piecewise continuous maps having locally expanding sets which are not ω-limit sets. A condition implying that a locally expanding set is an ω-limit set is presented.
Distributional chaos for piecewise monotonic maps. Distributional chaos has been intro​duced in [B. Schweizer, J. Smítal, Measures of chaos and a spectral decomposition of dy​na​mi​cal systems on the interval, Trans. Amer. Math. Soc. 344 (1994), 737–754]. Some of these results have been extended in [M. Málek, Distributional chaos and spectral decomposition on the circle, Topology Appl. 135 (2004), 215–229] to continuous maps of the circle. The main aim is to generalise these results to piecewise monotonic maps. While it is very simple to extend the result on the “uniqueness of the distribution function” on a “basic set”, another result, namely the “finiteness of the spectrum” turns out to be very hard. Working on this problem for some time F. Hofbauer, M. Málek and P. Raith conjecture that for piecewise mo​no​to​nic maps the “spectrum” is not finite in general. However, we are not able to prove this conjecture. Another problem connected with distributional chaos is, how it behaves under small perturbations of the map.

Concerning the above mentioned stability of distributional chaos for piecewise monotonic maps a paper is in preparation. This paper will be finished in 2007. Because of the problems mentioned above another (weaker) “variant” of “distributional chaos” is defined for piecewise monotonic maps. It is proved that it coincides with the usual “distributional chaos” in the case of continuous piecewise monotonic maps. Then a certain kind of “lower semicontinuity” of the “distributional chaos” is proved. The authors and the title of this paper are given below.

F. Hofbauer, M. Málek and P. Raith, Stability properties of distributional chaos for piecewise monotonic maps on the interval, in preparation.

We also started to work on several other problems, but there are only preliminary results which are far from the final form.

The co-operation started with this project of AKTION Česká republika–Österreich will continue and very likely it will lead to interesting new results and papers.

Peter Raith

